Embedded Systems (CS [45]163)
Homework 1 Solutions

February 14, 2010

Question 1

Consider the following circuit that is composed of n resistors:

o
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1. (20pts) Derive equations for V;. Hint: you may use your knowledge of
series resistors in your derivation.

For any point V;, we can combine the resistors below into a single
resistor of resistance (i + 1) x R Q. Likewise, the resistors above can
be combined into a single resistor of (n —i — 1) x R €. Furthermore,
the resistance of the entire series is n x R (2.

By Ohm'’s law, combined with Kirchoft’s current law, we know that the
current through the circuit is:

[ = (5-0)/nR

and

Vi—0 = (i+1)RI

Therefore:
Vi = (i+1)R5/nR
1+ 1
n

= 5

2. (5pts) Assume that n = 5, what are the four V’s?

Vi 1V
vV, = 2v
V, = 3V
Ve = 4V



3. (5pts) Assume that n = 10, what are the nine V’s?

VWw = 0.5V
Vi = 1V
Vo = 1.5V
Vo = 2V
Vi = 2.5V
Vs = 3V
Ve = 3.5V
Vi = 4V
Vs = 4.5V



Question 2

Consider the following circuit:

+5V Vi

Assume that Vg, V4 and R; are given.

1. (10pts) List the fundamental equations that are derived directly from
the circuit (note that you should have the same number of equations
as unknowns).

These are always true:

5—V, = IRy
Vo=Vo = IR
Vo—=Vs = LRy
Vi—=Vs = LR,

Vo—0 = I3R3
L = Ih+14
IL+1, = I



2. (20pts) Derive equations for V5 and V5. One of the two should be a
function of only known variables; the other may assume knowledge of
the first.

5-V» _ Va—To n Vo—V3
Ry Ry Ry
RoR4(5—V2) = RiR4(Vo— Vo)
+RoR1(Va — V3)
SRoRy — RoRyVo = Ri1R4Vo — R1R4Vp
+RoR1Va — RoR1 V3
5RoR4 + R1R,Vy + RoR1Vs = (RoR4+ R1Rs+ RoR1)V2
SRoRy + RiR4Vo + RoR1Vz = RaVa
S5RoR4 + Rlﬁi‘/b + RoR1V3 W (1)
Vi—Vs n Vo-Vs _ W
Ry Ry R3
R3R4(Vi — V3) + RoR3(Va — V3) = RoR4V3
R3R4Vi — R3RyV3 + RoR3Va — RoR3Vs = RaoR4V3
R3R4Vi + RoR3Va = (R3R4+ RoRs+ RoRy)Vs
RsR, Vi + RoR3Va, = RpVs
R3RyRAVI + RoR3(5Ro Ry + Ry R4V + RoR1V3) = RaRBV3
R3RyRAVI + RoR3(5Ro Ry + R1R4Vy) = (RaRp — RoR1R2R3)V3

R3sR4RsVi + RoR3(5RoR4 + R1R4 V)
RiaRp — RyR1R>R3

- )

Sanity checks: Equations 1 and 2 are in units of Volts (which is what
we want). Also, if Ry = 0, then equation 1 reduces to Vo = V3 (which
is what we expect from the circuit diagram). Likewise, if R3 = 0, then
Va3 =0. If R, =0, then V3 = V;. If Ry = 0, then V5 = V,. If Ry =0,
then V5 = 5.



3. (10pts) Assume Ry = 1009, Ry = 2009, R, = 30092, R3 = 40012,
R, = 1002 and Vi = 4+8V. Show a plot of I, as Vj is varied from
—10V to +10V. You are encouraged to use a tool such as Matlab to

produce this plot.
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4. (10pts) Given the same assumptions as above, show a plot of V5 and Vj
as Vj is varied from —10V to +10V (place both of these curves on the
same plot). Describe any interesting relationships between this plot

and the previous one.
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Question 3

Consider the following circuit:

Assume that Vy and R; are given.

1. (20pts) Assuming that R, = 0f2, show the simplest equivalent circuit.
You may use your knowledge of the series/parallel resistor rules.

+5V

Where R4y = Rs + %.



2. (10pts) List the fundamental equations that are derived directly from
the simplified circuit (note that you should have the same number of

equations as unknowns).

These are always true:

5—V3
V3—0
Va—VW
Iy

IaRA
I3R3
IR,
Iy + I3

3. (20pts) Derive equations for V;, V3 and V3 for the simplified circuit.
One should be a function of only known variables; the others may also
assume knowledge of those that have already been derived.

Vo = V3
5V _ VsV Vs
RA N R3

SRoR3 — VaRoR3 = V3RaR3 — VoRaRs + V3RaR
5RoRs + VoRuRs = Vi(RaRs+ RoRs+ RaRo)

S5RoRs + Vo RaR3
= V3
Rp
Iy = 5~ Vs
Is = 14
5—Vi = I3R;s
Vi = 5—1I5Rs
Rs
— 5 (5150
5V



4. (10pts) Assume Ry = 100Q2, Ry = 20012, Ry = 30012, R3 = 40012 and
Rs = 20012 (again, for the simplified circuit). Show a plot of V] and V;
as Vg is varied from —10V to +10V.
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Graduate Only

5. (10pts) Given the original circuit, list the fundamental equations that
are derived directly from the circuit (note that you should have the
same number of equations as unknowns).

These are always true:

[5 - ]1+IQ
L = Lhy+1+4
I+, = I3

Vi—V,

I, =

1 Rl
Vi—Vy

I, =

2 RQ
V3

I; = —

3 Rg
Va—Vy

I, =

4 R4
5-W

I- —

5 R5

6. (20pts) Derive equations for V;, V5 and V3. One should be a function of
only known variables; the others may also assume knowledge of those
that have already been derived.

The first of Kirchoft’s equations:

5—-W; . V1-V2+V1—V3
Rs Ry Ry
SRiRy — RiReVi = RaRsVi — RoRsVa + RiRsVi — RiRsVs
RA = R2R5 +R1R2 +R1R5
S5Ri1Ry = RaVi — RoRs5Vo — R1R5V3 (3)

Note that R4 has units of Q2.
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The second of Kirchoft’s equations:

i—Va V2*Vo_|_V2*V3
R, B Ry Ry
ViRoRy — VoRyRy = VoRi R4+ VoR1Ry +VoRoR1 — VaRoR,y
ViRoRy + VoR1 Ry + VaRoR1 = Va(RoRs+ RiRy+ RoRy)
Rp = RoRs+RiRs+ RoRy
ViRoRy +VoR1Rs+ V3RoR1 = V3Rp (4)
Note that Ry also has units of 2.
The third of Kirchoff’s equations:
VoV ViV Vs
Ry o Rs R3
VoRoR3 — V3RoR3 + ViR3Ry — V3R3Ry = V3RaRy
VoRosRs + ViRsRy, = Vg(RQRg + R3R4 + R2R4)
Rc = RyRs+ RsR4+ RoRy
VoRaR3 + ViR3Ry VaRc (5)
Note that Rq also has units of Q2.
Now substitute equation 5 into 3:
SRiRsRc = ViRaRc — RyRsRcVa — RiRoR3R5Vo — RiR3RyR5V1
5RiRyRc = Vi(RaRc — RiR3R4Rs5) — Vao(RaRs5R. + RiRoR3Rs)
Rr = RsRs5R.+ RiRyR3Rs
5RiRsRc = Vi(RaRec — RiRsRiRs) — VaRp (6)

Note that R has units of Q*.

Now substitute equation 5 into 4:

ViRoR4Rc + VoR1RyRc + (VoRoR3 + ViRsRy)RoR1 =
(RoRsRc + RoR1R3R4)Vi + VoR1RiRc =

RDE

(RoR4sRc + RoR1R3R4)Vi + VoR1RaRc

Rp has units of Q*.
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VaRpRc

Va(RpRc — RoR1R2R3)
RpRc — RoR1RaR3
VaRp (7)



Now substitute equation 6 into 7:

5RiRsRcRp = (RaRcRp— RiR3R4RsRp)V;
—(RaRsRc + R1RaR3R5)
x [Vi(RoR4Rc + RoR1R3R4) + VoR1 Ry R
Rg RoRsRc + Ri1RaR3 Rs
5RiRsRcRp + VoR1R4RcRr = Vi(RaRcRp — RiRsR4R5Rp
—RoR4R-RE + R0R1R3R4RE)

Rr = RaRcRp — RiR3sR4RsRp — RyRsRcRE
+RoR1R3R4RE
S5RiRsRcRp + VoR1R4RcR
Vi = 12CDRF014CE (8)

Ry has units of Q* and Ry has units of Q8.
Sanity checks:

* Roy=0=V, =W

e R — 0= V] — V; (setting the resistance to zero yields undefined
values for the V’s in our general solution)

Ry — 0=V —1V;
R;=0=1V3=0
Ri— 0=V, —=1Vj
Rs=0=V, =5
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7. (10pts) Assume Ry = 1009, Ry = 20092, R, = 30092, R3 = 40012,
R, = 100Q2 and R; = 200€2. Show a plot of Vi, V5 and V3 as Vj is

varied from —10V to +10V.
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